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Abstract
Classical phase-space variables are normally chosen to promote to
quantum operators in order to quantize a given classical system. While
classical variables can exploit coordinate transformations to address
the same problem, only one set of quantum operators to address the
same problem can give the correct analysis. Such a choice leads to
the need to find the favored classical variables in order to achieve a
valid quantization. This article addresses the task of how such favored
variables are found that can be used to properly solve a given quantum
system.
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1 A Brief Story of Three Valid Quantization
Procedures
1.1 Canonical quantization
Conventional phase-space variables, such as p and q, where −∞ < p, q <∞,
with Poisson brackets {q, p} = 1, are natural candidates to promote to basic
quantum operators in the procedures that canonical quantization employs.
However, traditional coordinate transformations, such as p → p and q → q,
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with −∞ < p, q < ∞ and Poisson brackets {q, p} = 1 are also qualified, in
principle, as natural candidates to promote to basic quantum operators. This
article resolves the problem of deciding which pair of classical variables to
promote to basic quantum operators in order to achieve a valid quantization.
Dirac gave us the clue about which classical variables to choose for canon-
ical quantization [1], although he did not prove his proposal. Dirac proposed
that the proper choice of variables were those that were ‘Cartesian coordi-
nates’. This is not obvious because phase space does not have a metric to
exhibit Cartesian coordinates. To fulfill Dirac’s rule a metric space that ad-
mits Cartesian coordinates must be added to these particular coordinates.
This request requires that the metric of that two-dimensional space must be
given by an expression such as dσ(p, q)2 = ω−1 dp2+ω dq2 for some constant
ω. This space admits a simple shift of coordinates, e.g., p → p + a and
q → q + b, where a and b are constants. Moreover, and this is a property
that we wish to feature, the shift of these two variables has brought one to
a different point on the flat surface that is identical in its surroundings as
it was before the shift occurred. Clearly the identity in surroundings for a
two-dimensional flat surface is a property that distinguishes it from almost
all other surfaces that are not completely flat. Also the Poisson brackets
{q + b, p + a} = {q, p} = 1 are automatically fulfilled after the shift in lo-
cation. If we denote the promotion to quantum operators, e.g., p → P and
q → Q, it also follows that p+ a→ P + a1 and q+ b→ Q+ b1 , which leads
to [Q + b1 , P + a1 ] = [Q,P ] = i~1 . In brief, a flat surface and the choice
of Cartesian coordinates, with or without a and b shifts, leads to acceptable
classical variables to promote to become the basic quantum operators.
The only problem deals with how that flat surface, which is linked to
both the classical and quantum realms, comes about. As a potential link to
other forms of quantization (the spin and affine versions), we call our flat,
two-dimensional surface a ‘constant zero curvature’.
1.1.1 The role of canonical coherent states
We choose to name the favored classical variables that are promoted to quan-
tum operators as p and q, and the valid quantization of these variables named
as P and Q. We confirm this choice by first introducing canonical coherent
states given by
|p, q〉 ≡ e−iqP/~ eipQ/~ |ω〉 , (1)
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where (Q+ iP/ω) |ω〉 = 0. It follows that 〈p, q|P |p, q〉 = 〈ω|(P + p1 )|ω〉 = p
and 〈p, q|Q|p, q〉 = 〈ω|(Q+ q1 )|ω〉 = q, which is a clear connection between
the quantum and classical basic variables. We finalize this connection with
a Fubini-Study metric [2] that involves a tiny ray distance (minimized over
non-dynamical phases) between two infinitely close canonical coherent states
given by
dσ(p, q)2 ≡ 2~[ || d|p, q〉||2− |〈p, q| d|p, q〉|2]
= ω−1 dp2 + ω dq2 . (2)
Observe that this process has given us Cartesian coordinates. These
variables clearly are invariant even if we choose p+a and q+b. These favored
coordinates are Cartesian coordinates and they are promoted to valid basic
quantum operators, as Dirac had predicted.
1.2 Spin quantization
The surface of an ideal three-dimensional ball is two-dimensional and spher-
ical with a constant radius; we can say that it has a ‘constant positive cur-
vature’. Again, like a flat space, the properties at any point on the spherical
surface are exactly like those at any other point on the surface. This is the
space on which the spin variables appear. There are three spin operators,
S1, S2, and S3, which belong to the groups SO(3) or SU(2). These operators
obey certain rules, such as [S1, S2] = i~S3, and natural permutations, as well
as S21+S
2
2+S
2
3 = ~
2s(s+1)1 2s+1, where 2s+1 is the dimension of the vectors,
and the spin s values are (1, 2, 3, . . .)/2. Some basic vectors are |s,m〉, where
S3|s,m〉 = m|s,m〉 and −s ≤ m ≤ s, (S1 + iS2)|s,m〉 = |s,m + 1〉, as well
as (S1 + iS2)|s, s〉 = 0.
1.2.1 The role of spin coherent states
The spin coherent states are given by
|θ, ϕ〉 ≡ e−iϕS3/~ e−iθS2/~ |s, s〉 , (3)
where −pi < ϕ ≤ pi, and 0 ≤ θ ≤ pi. We also introduce q = (s~)1/2 ϕ and
p = (s~)1/2 cos(θ). It follows that
dσ(θ, ϕ)2 ≡ 2~ [ || d|θ, ϕ〉||2− |〈θ, ϕ| d|θ, ϕ〉|2 ]
= (s~)[dθ2 + sin(θ)2 dϕ2 ] , (4)
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or we can say that
dσ(p, q)2 ≡ 2~ [ || d|p, q〉||2 − |〈p, q| d|p, q〉|2 ]
= (1− p2/s~)−1dp2 + (1− p2/s~) dq2 . (5)
Equation (4)makes it clear that we are dealing with a spherical surface with
a radius of (s~)1/2. Equation (5) makes it clear that if s→∞, in which case
both p and q span the real line, we will have recovered properties of canonical
quantization.
So far we have obtained surfaces with a constant zero curvature and a
constant positive curvature. Could there be more? Could there be surfaces
with a ‘constant negative curvature’?
1.3 Affine quantization
One of the simplest problems to quantize is an harmonic oscillator for which
−∞ < p, q <∞, but it is not so simple if 0 < q <∞. To solve the second ver-
sion requires a new method of quantization called affine quantization, which,
as we will discover, involves a constant negative curvature. To introduce this
procedure let us focus on the classical term p dq which is part of a classical
action functional. Instead of these variable’s range being −∞ < p, q < ∞,
let us assume q is limited to 0 < q < ∞, and we want to change variables.
As a first step, let us consider p dq = pq dq/q = pq d ln(q). While q must
be positive, ln(q) covers the whole real line. Although that p → pq and
q → ln(q) both cover the whole real line, we instead just choose pq and q as
our new variables. A potential quantization of this pair of variables could
involve q → Q, with 0 < Q < ∞, and pq → (PQ + QP )/2 ≡ D. Note, if
0 < Q <∞, then P cannot be self adjoint; however, thanks to Q, D can be
self adjoint, which is a very important advantage. The two basic operators
for affine quantization then are D and Q, for which [Q,D] = i~Q.1
1.3.1 The role of affine coherent states
The affine coherent states, where both q and Q have been chosen dimension-
less for simplicity, are given by
|p; q〉 ≡ eipQ/~ e−i ln(q)D/~ |b〉 , (6)
1Besides 0 < q,Q < ∞, one may also consider −∞ < q,Q < 0, as well as −∞ < q 6=
0, Q 6= 0 <∞.
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where [(Q−1)+iD/b~] |b〉 = 0. For these variables we find that 〈p; q|Q|p; q〉 =
〈b|qQ|b〉 = q and 〈p; q|D|p; q〉 = 〈b|D + pqQ|b〉 = pq. It follows that
dσ(p, q)2 ≡ 2~ [ || d|p; q〉||2− |〈p; q| d|p; q〉|2 ]
= (b~)−1 q2 dp2 + (b~) q−2 dq2 . (7)
This expression for the Fubini-Study metric is that of a constant negative
curvature, an amount of −2/(b~), which is also geodetically complete [3].
Surfaces that are constant negative curvature are only visible in our three-
dimensional space at the ‘center point’ only, namely at q = 1, where it
appears that in one direction the surface goes down and 90 degrees away the
surface goes up. In reality that is what happens at all points for a constant
negative curvature, but we can not see that effect. Let us give a q → q + b′
test, with b′ > 0; we use b′ so as to make sure this is different from the b
that labels the fiducial vector. In that case, we now have (b~)−1(q+ b′)2dp2+
(b~)(q + b′)−2dq2. This version now implies that −b′ < q < ∞. Indeed,
we can let b′ → ∞ and at the same time, let the factor b in the fiducial
vector become large (b ∝ b′2) in which case we can arrange that the negative
curvature −2/b~→ 0, in such a way that the Fubini-Study metric effectively
passes to B−1dp2 + B dq2, namely, the constant zero curvature case, with a
non-dynamical positive B. Basically, we have effectively changed the affine
operators Q and D to canonical operators, by Q→ Q+b′1 and D → D+b′P
so that, as b′ →∞, [Q+ b′1 , D + b′P ]/b′ = i~(Q + b′1 )/b′ → [Q,P ] = i~1 .
2 Summary
Our quantization of classical variables has now been completed. It was shown
that classical variables that represent the coordinates of constant positive,
zero, and negative curvatures, complete the natural forms of surface and
these three divisions include a different variety of classical systems that can
be quantized. Affine quantization, as a special procedure to quantize systems,
has not yet become universally well known and exploited; it deserves more
attention. Besides the harmonic oscillator with 0 < q <∞ (see [4]), there are
other problems for which affine quantization can work well. Quite recently,
a surprisingly transparent version of affine quantization has been used for
non-renormalizable covariant scalar fields and for Einstein’s gravity [5].
Others are encouraged to see what affine quantization can do for their
own quantization problems.
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